Abstract. A refined form of the 'Folk Theorem' that a smooth action by a compact Lie group can be (canonically) resolved, by iterated blow up, to have unique isotropy type was established in [1] in the context of manifolds with corners; the canonical construction induces fibrations on the boundary faces of the resolution resulting in an 'equivariant resolution structure'. Here, equivariant K-theory and the Cartan model for equivariant cohomology are tracked under the resolution procedure as is the delocalized equivariant cohomology of Baum, Brylinski and MacPherson. This leads to resolved models for each of these cohomology theories, in terms of relative objects over the resolution structure and hence to reduced models as flat-twisted relative objects over the resolution of the quotient. An explicit equivariant Chern character is then constructed, essentially as in the non-equivariant case, over the resolution of the quotient.
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Introduction
In a recent paper [1] , the authors established a form of the 'Folk Theorem' that the smooth action of a general compact Lie group, G, on a compact manifold, X, can be resolved to have components with unique isotropy type. In this paper, cohomological consequences of this construction are derived. In particular, directly on the resolution, a 'delocalized' equivariant cohomology is defined, and shown to reduce to the cohomology of Baum, Brylinski and MacPherson [7] in the Abelian case. The equivariant Chern character is then obtained from the usual Chern character by twisting with flat coefficients and is shown to induce an isomorphism between delocalized equivariant cohomology and equivariant K-theory with complex coefficients.
A smooth action is 'resolved' if it has a unique isotropy type, i.e., if all of the stabilizer groups are conjugate to each other, in which case Borel showed that the orbit space G\X is a smooth manifold. If a G-action on X is not resolved then the construction in [1] produces a manifold with corners Y (X), the canonical resolution of X, with a resolved G-action and an equivariant 'blow-down map', Y (X) β −−→ X. Each isotropy type of X, X
[K] = {ζ ∈ X : stabilizer of ζ is conjugate to K} is associated with a boundary hypersurface, M [K] , of Y (X). Indeed, X [K] is itself a manifold with a smooth G-action, and M [K] is the total space of an equivariant fibration over the canonical resolution of the closure of X [K] . The different isotropy types of X determine a stratification of X and the inclusion relation between the strata corresponds to the intersection relation between the corresponding boundary faces of the canonical resolution of X. The result is that Y (X) has an 'equivariant resolution structure', which encapsulates the relations between the different isotropy types of X.
As the quotient of the resolved group action is smooth, the canonical resolution of X induces a resolution, Z(X), of the quotient G\X in a similar form, as a compact manifold with corners with fibrations of its boundary hypersurfaces over the quotients of the resolutions of the isotropy types.
The Cartan model for the equivariant cohomology, H * G (X), can be lifted to the resolution and then projected to the quotient. In the free case, a theorem of Borel identifies this localized equivariant cohomology with the cohomology of the quotient. In the case of a group action with unique isotropy type we show that the equivariant cohomology reduces to the cohomology over the quotient with coefficients in a flat bundle of algebras, which we call the Borel bundle, modeled on the invariant polynomials on the Lie algebra of the isotropy group -or equivalently the G-invariant and symmetric part of the total tensor product of the dual. In the general case the equivariant cohomology is identified with the relative cohomology, with respect to the resolution structure, twisted at each level by this flat coefficient bundle; the naturality of the bundle ensures that there are consistency maps under the boundary fibrations induced on the twisted forms. Thus the Borel bundle represents the only equivariant information over the resolution of the quotient needed to recover the equivariant cohomology. In this construction we adapt Cartan's form of the isomorphism in the free case as presented by Guillemin and Sternberg [12] to the case of a fixed isotropy group.
Using the approach through G-equivariant bundles as discussed by Atiyah and Segal [6, 16] we give a similar lift of the equivariant K-theory, K * G (M ), to the resolution of the action and then project to the resolution of the quotient. This results in a closely analogous reduced model for equivariant K-theory where the Borel bundles are replaced by what we term the 'representation bundles', which are flat bundles of rings modelled on the representation ring of the isotropy group over each resolved isotropy type. Cartan's form of the Borel-Weil construction gives a map back to the Borel bundle.
The representation bundles over the resolution structure amount to a resolution (in the Abelian case where it was initially defined) of the sheaf used in the construction of the delocalized equivariant cohomology of Baum, Brylinski and MacPherson ( [7] , see also [9] ). The close parallel between the reduced models for equivariant K-theory and equivariant cohomology allow us to introduce, directly on the resolution, a delocalized deRham cohomology H
Group actions
We review the basic definitions and constructions we will need below. For details we refer to [11] and [1] .
Let X be a closed manifold and G a compact Lie group. By a smooth action of G on X we mean a smooth homomorphism from G into the diffeomorphisms of X,
If g ∈ G, we usually denote A(g) by
The differential of the action of G on itself by conjugation is the adjoint representation of G on its Lie algebra, g,
An inner product on g is Ad G -invariant precisely when the induced metric on G is invariant under left and right translations; by the usual averaging argument, such a metric exists if G is compact.
The action of G on X induces a map of Lie algebras, from the Lie algebra g = T Id G of G into the Lie algebra of vector fields of X,
where exponentiation in G is done via an Ad G -invariant metric. Although such a group action is smooth, by definition, it is in general rather seriously 'non-uniform' in the sense that the orbits, necessarily individually smooth, change dimension locally. This is encoded in the isotropy (also called stabilizer) groups. Namely for ζ ∈ X set (2.1)
This is a Lie subgroup and long-established local regularity theory shows that if K ⊂ G is a Lie subgroup then
is a smooth submanifold. Since
the conjugate of an isotropy group is an isotropy group and if [K] is the class of subgroups conjugate to K then (2.4)
is also a smooth submanifold of X, the isotropy type of X. The natural partial order on conjugacy classes of subgroups of G corresponding to inclusion
induces an order on isotropy types of X. It is standard to take the opposite order, thus
as larger isotropy groups correspond to smaller submanifolds. The isotropy types, or isotypes, give a stratification of X. We will denote the set of all conjugacy classes of isotropy groups of the G-action on X by I.
Equivariant cohomology and K-theory
The basic topological invariants of a group action are the equivariant cohomology and K-theory groups. We briefly review the definitions of these theories and refer the reader to [12] and [16] for more information.
We start by recalling Cartan's model for the equivariant cohomology of X. An equivariant differential form is a polynomial map
which is invariant in that it intertwines the adjoint actions of G on g and the pull-back action
This can also be thought of as a G-invariant section of the bundle S(g * ) ⊗ Λ * where S(g * ), the symmetric part of the tensor powers of the dual g * , is identified with the ring of polynomials on g. We denote the set of these smooth equivariant forms by C ∞ G (M ; S(g * ) ⊗ Λ * ); they form an algebra with respect to the usual wedge product. This algebra is graded by defining (3.1) degree(ω) = differential form degree(ω) + 2 (polynomial degree(ω)) on homogeneous elements.
The equivariant differential
then increases the degree by one and satisfies d 2 eq = 0. The resulting cohomology groups are the equivariant cohomology groups and will be denoted H q G (X). The equivariant cohomology of a point is the space of polynomials on g invariant with respect to the adjoint action of G, H * G (pt) = S(g * ) G . Thus, if dim g > 0, the groups H q G (pt) are non-zero in all even degrees. The equivariant cohomology groups of a space X are always modules over H * G (pt), and are usually non-zero in infinitely many degrees.
We use the model for equivariant K-theory as the Grothendieck group based on equivariant complex vector bundles over the manifold. Thus an (absolute) equivariant K-class on X is fixed by a pair of vector bundles E ± each of which has an action of G as bundle isomorphisms covering the action of G on the base:
The equivalence relation fixing a class from such data is stable G-equivariant isomorphism so (E ± , L ± E ) and (F ± , L ± F ) are equivalent if there exists a G-equivariant vector bundle S and an equivariant bundle isomorphism (3.3)
T :
Direct sum and tensor product are well-defined among these equivalence classes and the resulting ring is denoted K 0 G (X). By standard results, this ring is the same if the bundles are required to be smooth or only continuous, and we shall work exclusively with the former.
Odd K-theory is defined as the null space of the pull-back homomorphism corresponding to ι : X ֒→ S × X, ζ −→ (1, ζ) :
where G acts trivially on S. As in the standard case, pull-back under the projection S × X −→ X induces a decomposition
is the ring of virtual representations of G, R(G). As a group, R(G) is the free Abelian group generated by the set of simple G-modules, i.e., the irreducible finite dimensional representations of G. The equivariant K-theory groups of a space X are always algebras over K
, it is clear that the Atiyah-Hirzebruch theorem cannot extend directly to the equivariant setting. Indeed, from general principles the Chern character is a natural transformation
, and Atiyah and Segal showed [6] , [3, Theorem 9 .1] that this induces an isomorphism after tensorsing K 0 G (X) with C and localizing at the identity element of the group,
This issue was addressed by Baum, Brylinski and MacPherson, [7] , who introduced 'delocalized' equivariant cohomology groups, H even G,dl (X), in the case of an Abelian group action, such that the Chern character factors and induces an isomorphism from K-theory with complex coefficients
One consequence of the lifting of cohomology under resolution procedure discussed here is that the extension of the groups H even G,dl (X) to the non-Abelian case becomes transparent as does the structure of the localization map L ∧ .
Actions with a unique isotropy type
Since the effect of resolution of the group action is to 'simplify' to the case of a unique istropy type (with the complexity relegated to iteration over the fibrations of the boundary faces) we first discuss the special case in detail. The effect of the working with a manifold with corners (and absolute cohomology and K-theory) is minimal here, and may be mostly be ignored. However recall from [1] that by a manifold with corners we mean a space that that is locally and smoothly modeled on [0, ∞) n , and has boundary hypersurfaces which are embedded. A smooth group action on a manifold with corners is, as part of the definition of smoothness, required to satisfy an extra condition, namely that the orbit of any boundary hypersurface is an embedded submanifold of X. This is equivalent to asking that, for any boundary hypersurface M of X and any element g ∈ G,
This condition holds on the canonical resolution of a smooth manifold and in any case can always be arranged, see [1] . A compact manifold (possibly with corners) X with a smooth action by a compact Lie group G, has a unique isotropy type if all of the isotropy groups of X are conjugate in G, so there is a subgroup K ⊂ G satisfying
K with K acting trivially, so the action factors through a free action of N (K)/K, which is therefore the total space of a principal N (K)/K bundle.
the orbit space G\X is smooth with the smooth structure induced by the natural G-equivariant diffeomorphism
Proof. The map induced by the action of G, G × X K −→ X is surjective, by the assumed uniqueness of the isotropy type and is equivariant under the left action on G. The inverse image of a point is an orbit under the free diagonal action of N (K), (g, ζ) −→ (gn −1 , nζ), with quotient G × N (K) X K , which leads to the desired isomorphisms.
The equivariant cohomology of X on the quotient space Z = G\X, is conveniently expressed in terms of a family of flat vector bundles as coefficients. Let g ζ be the Lie algebra of G ζ . Definition 1. If X is a compact manifold with a smooth G-action such that X = X [K] and j ∈ N 0 , let B j πj − −− → X be the vector bundle over X with fiber at ζ π −1
the invariant polynomials of degree j on the Lie algebra of the isotropy group at that point. The action of G on B j by conjugation covers the action of G on X, hence there is an induced bundle, shown below to be flat, on the quotient,
which we call the Borel bundle of degree j. The Borel bundle is the inductive limit of these finite dimensional Borel bundles of degree at most k,
and is an infinite dimensional, graded flat vector bundle over Z.
This bundle is non-trivial in general, as explained in Remark 1 below.
The corresponding cohomology groups H * (Z; B j ) can be combined to give the cohomology of Z with coefficients in B * :
We will show that:
If X is a manifold with a smooth G action such that X = X [K] , then the absolute equivariant cohomology is naturally isomorphic to the cohomology of the quotient with coefficients in B *
A similar description of equivariant K-theory, and the delocalized equivariant cohomology, can be given in terms of a flat bundle of rings over Z.
Definition 2. Let X be a compact manifold with a smooth G-action such that X = X [K] . Let R −→ X be the fiber bundle over X with fiber the representation ring of the isotropy group of that point, R(G ζ ). The action of G on the conjugacy class of K induces an action of G on R which covers the action of G on X; the induced flat ring bundle over the quotient, R −→ Z, is termed the representation bundle.
In case K is a normal subgroup of G, and with slight modification otherwise, there is a normal subgroup G ′ of G with G/G ′ a finite group acting on K and such that
Thus in this case R can be thought of as a fiber bundle over Z with structure group G/G ′ and with a ring structure on the fibers.
Standard complex K-theory over a manifold can be extended to the case of coefficients in a ring, resulting in the tensor product with the cohomology, and can be extended further to the case of a flat bundle of discrete rings over the space.
Definition 3. Let R −→ X be a flat bundle of discrete rings. We define a vector bundle with coefficients in R, V p −−→ X, as follows. Each ζ ∈ X has a neighborhood U over which R is isomorphic to R ζ × U and, over this neighborhood, V is an element of R ζ ⊗ Vect(U) associating to each generator of R ζ a vector bundle over U with only finitely many of these bundles non-zero. Transition maps are bundle isomorphisms combined with the transition maps of R.
Even K-theory with coefficients in R, K 0 (X; R), is the Grothendieck group based on vector bundles with coefficients in R, and the corresponding odd K-theory groups are defined by suspension as in (3.4).
In particular the groups K * (Z; R) arise from the representation bundle over the quotient by a group action with unique isotropy type. In view of (4.2), when K is normal these groups are
Theorem 4.3. If X be a compact manifold with a smooth G-action such that
, then there is a natural isomorphism
Given this description of equivariant K-theory it is natural to 'interpolate' between equivariant cohomology and equivariant K-theory and consider cohomology with coefficients in R.
Definition 4. For a compact manifold with G-action with unique isotropy type, the delocalized equivariant cohomology of X is the Z 2 graded cohomology
There is a natural localization map from the representation bundle to the Borel bundle over Z. Namely, a representation of K can be identified with its character in C ∞ (K) K , with value at g ∈ K the trace of the action of g, and this is mapped to the invariant polynomial on the Lie algebra determined by its Taylor series at the identity,
This map induces a map between the bundles R and B * = ⊕ B j over X which is equivariant with respect to the adjoint G-action, hence it induces a map Theorem 4.4. If X be a compact manifold with a smooth G-action such that X = X [K] there are natural Chern character maps such that (4.6)
The rest of the section is devoted to proving these theorems. For the purpose of exposition, we work up to the general case and start by treating two extreme cases.
Trivial actions.
If a Lie group acts trivially on a space then the chain space for equivariant cohomology becomes S(g * ) G ⊗ C ∞ (X; Λ * ), the differential reduces to the untwisted deRham differential and the polynomial coefficients commute with the differential. It follows that the equivariant cohomology groups are given by the finite, graded, tensor product
Thus the equivariant cohomology group of degree q is given by
in accordance with Theorem 4.2 as the Borel bundle in this case is the trivial bundle
There is a similar description of the equivariant K-theory. If E −→ X is an equivariant vector bundle then each fiber E ζ has an induced G-action, and hence a decomposition into a combination of irreducible G-representations
by the Peter-Weyl theorem. This decomposition extends to a decomposition of E as an element of R(G) ⊗ K 0 G (X) and this leads to an isomorphism K
as expected from Theorem 4.3. Suspension yields a similar description of K 1 G (X). In this case the structure of the Chern character can be seen explicitly. Namely, from naturality considerations, it reduces to the ordinary Chern character at the identity and has appropriate G-equivariance, so decomposes as a tensor product
where the localization map L ∧ is given by (4.4) . This also reveals the problem with the Chern character (3.6). Namely if G is not connected, then there may well be a representation with all tensor powers non-trivial -for instance the standard representation of a copy of Z 2 -but with trace which is constant on the component of the identity. The formal difference between this representation and the trivial one-dimensional representation survives in the tensor product with C but is annihilated by the localization map. Even for a connected group, this phenomenon may arise from isotropy groups.
The definition of the delocalized equivariant cohomology groups is simply
and these groups lead to the diagram (4.6).
Free actions.
The opposite extreme of the trivial case, studied extensively by Cartan, arises when G acts freely, i.e., when gζ = ζ implies g = Id .
The assumed smoothness and compactness shows that the action corresponds to a principal Gbundle,
In this case Borel showed that not only is the quotient of the action smooth but
This indeed is one justification for the definition of equivariant cohomology. The isomorphism in (4.11) was analyzed explicitly by Cartan at the chain level, in terms of a connection on X as a principal bundle over X (see [12] ). Thus, if θ is a connection on the principal bundle then its curvature, ω, is a 2-form with values in the tensor product of the Lie algebra with itself. The formally infinite sum exp(ω/2πi) can therefore be paired with an element of the finite part of the symmetric tensor product S(g * ); the G-invariant part of the resulting form descends to the quotient and gives a map at the form level
which induces the isomorphism (4.11).
In this free case the equivariant K-theory is also immediately computable. A G-equivariant vector bundle over X is equivariantly isomorphic to the pull-back of a vector bundle over Z and in consequence
In this setting the equivariant Chern character reduces to the standard Chern character on the quotient and in particular the equivariant form of the AtiyahHirzebruch isomorphism does hold. For free group actions, the delocalized equivariant cohomology is just the cohomology of the quotient
and again the diagram (4.6) is clear, with L ∧ given by the identity.
4.3.
Unique isotropy group. The free case corresponds to G ζ = {Id}. Perhaps the next most regular case is where G ζ = K is a fixed group. In view of (2.3), (4.14)
The action of G factors through the free action of Q = G/K. If G = K × Q, we can treat the two actions separately as above. However, generally there will be a non-trivial induced action of Q on the Lie algebra of K.
It is convenient to pass to a finite index subgroup of G. Let π : G −→ Q denote the canonical projection and let G ′ be the inverse image of Q 0 , the connected component of the identity in Q. Then G ′ is a normal subgroup of G with quotient G/G ′ = Q/Q 0 , a finite group. The Lie algebra k of K is a Lie subalgebra of g. Choosing an Ad-invariant metric on g, the Lie algebra, q, of Q may be identified with k ⊥ . The Ad-invariance of k implies the Ad-invariance of q; thus k and q Lie commute. Exponentiating the Lie algebra q into G ′ gives a subgroup Q ′ 0 ⊂ G ′ which is a finite cover of Q 0 and which commutes with K.
On the one hand, this shows that the Borel bundle of degree j, given initially by
On the other hand, it follows that the equivariant differential forms on X are given by
The equivariant differential reduces to that of the Q 0 action and so, using the result for principal bundles above, the equivariant cohomology of X is given by
In view of (4.15), this can be written
thus establishing Theorem 4.2 in this case.
Remark 1. The Borel bundle is not trivial in general, precisely because of the possible non-trivial action of Q/Q 0 on the Lie algebra of K. For instance, let M be the connected double cover of the circle with the associated free Z 2 action. This action can be extended to an action of the twisted product G = S 1 ⋊ Z 2 (where commuting the non-trivial Z 2 element past an element z ∈ S 1 ⊆ C replaces z with z) since the twisting does not affect the Z 2 product. Now M has a unique isotropy group, K = S 1 , which is normal in G. The quotient group Q = G/K is Z 2 and it acts non-trivially on R 1 , the Lie algebra of K. The Borel bundle will thus be a non-trivial line bundle on
There is a similar reduction for equivariant K-theory in this case of a single isotropy group. Indeed, since Q ′ 0 commutes with K, if Q is connected then there are two independent actions, a free action by Q and a trivial action by K, so from the previous two sections,
If the quotient is not connected, then K still acts on the fibres of any G-equivariant vector bundle over X, which can then be decomposed into subbundles tensored with representations of K, so an equivariant K-class is represented by a pair of equivariant bundles, or a bundle with coefficients in the representation ring R(K).
Again the quotient group Q acts, by conjugation, on R(K) with Q 0 acting trivially and we may identify
where in the second, more geometric, form we use the representation bundle, given in this case by
Note that this establishes (4.2) and (4.3), hence Theorem 4.3, since Q 0 \X = G ′ \X and G/G ′ = Q/Q 0 . In the same way, the delocalized equivariant cohomology of X is given by
and is an isomorphism after tensoring K 0 G (X) with C. This establishes Theorem 4.4 when X = X K .
4.4.
Unique isotropy type. Finally, consider the general case of a unique isotropy type, X = X [K] . Denote N (K)/K by W (K), and recall from Proposition 4.1 that
Notice that, if K is another choice of isotropy group, so that K = gKg −1 for some g ∈ G, then gN (K)g −1 = N ( K) and the diffeomorphism g· : X K −→ X K intertwines the N (K) and N ( K) actions and hence descends to a diffeomorphism
Directly from the definitions, this shows that the Borel bundle of the G-action on X is the same as the Borel bundle of the N (K)-action on X K , and similarly for the representation bundle.
The G-equivariant cohomology of X is equal to the N (K)-equivariant cohomology of X K (as observed originally by Borel). Indeed, the space G × X K has two commuting free actions, the left G-action and the diagonal N (K)-action, hence
By the previous section, this is equal to
thus establishing Theorem 4.2.
Since K-theory behaves similarly for free group actions, the G-equivariant Ktheory of X also reduces to the N (K)-equivariant K-theory of X K ,
Finally, since delocalized equivariant cohomology is defined directly on the orbit space, it is immediate that H 4.3 and 4.4 to the situation discussed in the previous section and establishes them when X = X [K] .
Equivariant fibrations
In describing the equivariant cohomology theories for a general group action in terms of the resolved space, we will often have two compact manifolds, Y 1 and Y 2 , each with a smooth G-action with unique isotropy type, and with a smooth map
which is both G-equivariant and a fibration. A G-equivariant map always descends to map between the orbit spaces and this induces maps between the Borel and representation bundles.
is a G-equivariant fibration between compact manifolds with G-actions having unique isotropy type then the induced map between the quotients γ f :
is a smooth fibration which is covered by induced pull-back/restriction maps between sections of the Borel and representation bundles
which in turn induce maps between the corresponding chain spaces for equivariant and delocalized equivariant cohomology and for bundles with representation bundle coefficients.
Proof. The smoothness of γ f : Z 1 −→ Z 2 , follows from the fact that G-invariant smooth functions on the base pull back to smooth G-invariant functions, this also shows that (γ f ) * is injective and hence that γ f is a fibration. For ζ ∈ Z 1 , G ζ ⊆ G f (ζ) , and hence there are restriction maps
Since the Borel bundles of degree j are obtained from the equivariant bundles
and (5.2) induces an equivariant bundle map
there are maps
Similarly, the representation bundles are obtained from the equivariant bundles
and (5.2) induces an equivariant bundle map
Together with pull-back of forms these generate pull-back maps for the 'reduced' deRham spaces defining the equivariant cohomology and the equivariant delocalized cohomology
which commute with the differential and so in turn induce pull-back maps on the corresponding cohomologies. The situation is similar for the reduced model for equivariant K-theory. Namely, since G ζ ⊆ G f (ζ) , there is a natural 'Peter-Weyl' pull-back map where each element of R 2 is decomposed into a finite sum of elements of R 1 . This induces a pull-back construction, so that if
V a bundle with coefficients in R 2 =⇒ γ # f V is a bundle with coeffiencients in R 1 .
These pull-back maps also allow the introduction of relative cohomology and Ktheory groups. The situation that arises inductively below corresponds to Y 1 being a boundary face of a manifold (with corners) Y ; for simplicity here suppose that Y is a manifold with boundary. Then the relative theory in cohomology for the pair of quotient spaces, is fixed by the chain spaces
f v with the diagonal differential; here i * Z1 is the map induced by restriction to the boundary.
Similar considerations apply to delocalized cohomology and K-theory.
Resolution of a group action and reduction
A connected manifold, X, with smooth G-action has a single isotropy group which is maximal with respect to the partial order (2.5). Corresponding to this is the open and dense the principal isotropy type, X princ . The space X can be viewed as a compactification of X princ and in this section we recall from [1] that there is another compactification of X princ to a manifold with corners (even if X originally had no boundary), Y (X), with a smooth G-action, a unique isotropy type, and an equivariant map Y (X) −→ X, that restricts to a diffeomorphism Y (X)
• −→ X princ . The space Y (X) is canonically associated to X with its G-action and is called here the canonical resolution of X.
In a manifold with corners there is a distinguished class of submanifolds, the 'psubmanifolds' where 'p-' stands for 'product-', which have tubular neighborhoods in the manifold. Radial blow-up of a closed p-submanifold, in the sense of replacing the submanifold with the boundary of a tubular neighborhood, leads to a well defined manifold with corners.
In [1] it is shown that a minimal isotropy type of X with respect to the partial order (2.5) is a closed G-invariant p-submanifold, and that blowing it up produces a manifold with a smooth G-action in which this minimal isotropy type does not occur. The space Y (X) is obtained by iteratively blowing-up minimal isotropy types, and is independent of the order in which these blow-ups are carried out. We refer to [1] for the details of the construction and just review the structure of Y (X) that we use below. 
there is a given fibration φ 12 : , is the total space of a fibration arising from the corresponding blow-down map
and the base is itself the canonical resolution of the closure of
Notice that the (topological) closure of an isotropy type has the 'algebraic' description,
Once the group action has been resolved we can make use of Proposition 4.1. The orbit space of the canonical resolution of X,
is thus a smooth manifold with corners, the reduction of X and is canonically associated to the G-action on X. For each isotropy type [K] of X, the associated boundary hypersurface of Y (X) (which may not be connected), with its fibration (6.1), descends to a boundary fibration of the corresponding boundary hypersurface of Z(X),
and since the compatibility conditions necessarily descend as well, these fibrations form a resolution structure on Z(X).
Reduced models for cohomology
Let X be a compact manifold with a smooth action by a compact Lie group, G, and let Y (X) and Z(X) be its resolution and reduction. As Y (X) has a unique isotropy type, there are Borel and representation bundles
as in Definitions 1 and 2. Similarly, for each isotropy type [K] ∈ I of X, the manifold
) has a unique isotropy type and there are corresponding Borel and representation bundles
. Moreover, as explained in §5, there are natural pull-back/restriction maps under the fibrations (6.2),
This data allows twisted, relative deRham complexes on Z(X) to be introduced.
, acts on the sequence C * Φ (Z(X); B * ⊗ Λ * ), increases the grading by one, and squares to zero. Thus there is an associated Z-graded cohomology, the reduced equivariant cohomology.
Theorem 7.1. The equivariant cohomology of a compact manifold X (meaning the absolute cohomology in case of a manifold with corners) with a smooth action by a compact Lie group G is equal to the cohomology of the complex
This result is proved in §7.1; note that in the case of a manifold with corners the additional condition that the action be intersection-free on boundary hypersurfaces is imposed. We also define reduced K-theory groups on Z(X).
Definition 7. A resolution vector bundle with coefficients in R over Z(X) is a collection E of vector bundles, E over Z(X) with coefficients in R, and one for each non-maximal isotropy type [K] ∈ I, E [K] over Z [K] , with coefficients in R [K] with the property
is the Grothendieck group of pairs of resolution vector bundles with coefficients in R. Equivalence is stable isomorphism over each space consistent under these pull-back maps. The group K 1 Φ (Z(X), R) is defined by suspension as in (3.4). Theorem 7.2. Let X be a closed manifold with a smooth G-action, then
We defer the definition of the delocalized equivariant cohomology groups H * G,dl (X) for a general G-action until section 8 where it is shown that the Chern character map between K G (X) and H * G (X) factors through H * G,dl (X).
7.1. Reduced equivariant cohomology. To prove Theorem 7.1, we first show that equivariant cohomology lifts to Y (X) and then that it descends to Z(X).
For the former, let Y be any manifold with corners with an equivariant resolution structure, let M 1 (Y ) denote the set of boundary hypersurfaces of Y, and define
These spaces form a complex with respect to the diagonal equivariant differential, the resulting cohomology is the equivariant resolution cohomology of Y and is denoted H * 
where v ff is the restriction of u to ff[Y ; W ]. This map commutes with the diagonal equivariant differential. The principal claim is that the complex C Indeed, the blow-down map has the property that its restriction off the front face is a diffeomorphism, This proposition can be applied repeatedly through the resolution of a manifold X to Y (X) starting with the Cartan model for the equivariant cohomology of X. At each step of the construction, it is shown in [1] that the conditions of Proposition 7.3 are satisfied, that one has a manifold with corners with an equivariant resolution structure, and that any minimal isotropy type is a closed G-invariant p-submanifold transverse to the fibers of all of the boundary fibrations.
Corollary 7.4. The equivariant cohomology of a compact manifold X with a smooth G-structure is naturally isomorphic to the equivariant resolution cohomology of its canonical resolution,
and we can generalize (4.11) to this context. As it is not important for this purpose that Y (X) comes from resolving X, we will not assume that in the following.
Proposition 7.5. Let Y be a manifold with corners with a smooth G action for which the orbit of any boundary hypersurface is embedded. If Y is a full resolution in the sense of Definition 5 and Z = G\Y is its orbit space with the induced resolution structure, then pull-back via the projection π : Y −→ Z induces an isomorphism in cohomology,
To prove that π # induces an isomorphism in cohomology we pass to a relative form of both the complex defining the equivariant resolution cohomology of Y and the complex defining the resolution cohomology of Z. Thus let B Y ⊆ M 1 (Y ) be a G-invariant collection of boundary hypersurfaces with the property that it contains any boundary face which corresponds to an isotropy type containing the isotropy group of an element of B Y . Let B Z denote the corresponding collection of boundary hypersurfaces of Z. Then consider the subcomplex We get two short exact sequence of complexes with maps induced by π # :
Here of course M is really the orbit of one hypersurface M ∈ M 1 (Y ) under the Gaction. Because of the assumptions on the action, this orbit is a disjoint collection of boundary hypersurfaces of Y. Now, proceeding by induction over the dimension of Y we may assume that π # induces an isomorphism on cohomology when acting on N. Also inductively, starting from M 1 (Y ), we may assume that it induces an isomorphism for the cohomology relative to B ′ Y . Thus the Fives Lemma applies to the long exact sequence in cohomology to show that it also induces an isomorphism on cohomology relative to B and hence in general. For smooth data this is not quite the case, a smooth bundle certainly lifts to give smooth compatible data on the resolution but the converse does not hold. Nevertheless, normal retraction easily shows that any smooth compatible data on the resolution can be deformed by G-equivariant homotopy, and hence G-equivariant isomorphism, to be the lift of a smooth G-bundle over Y. The same argument applies to equivalence so the smooth equivariant resolution K-theory groups for Y and [Y ; W ] are again canonically isomorphic.
Corollary 7.7. The equivariant K-theory groups of a compact manifold X with a smooth G-action are canonically isomorphic to the equivariant resolution K-theory groups of its resolution,
. As for equivariant cohomology, the projection map π :
Proposition 7.8. Let Y be a manifold with corners with a smooth G action. If Y is a full resolution in the sense of Definition 5 and Z = G\Y is its orbit space with the induced resolution structure, then pull-back via the projection π : Y −→ Z induces an isomorphism in cohomology,
Proof. The proof is essentially the same as that of Proposition 7.5 and we adopt the same notations, e.g., B Y and B Z .
The relative group K G,Φ (Y ; B Y ) is made up of equivalence classes ( E , F , σ), where E and F are equivariant resolution vector bundles and σ is a collection of equivariant isomorphisms
Similarly, the relative group K Φ (Z; R; B Z ) consists of equivalence classes of triples ( E , F , σ), where E and F are resolution vector bundles with coefficients in R, and σ is a collection of isomorphisms 
) is an isomorphism. For the general case, one can appeal to the Fives Lemma in the associated long exact sequences and induction, just as in the proof of Proposition 7.5.
Equivariant Chern character
Comparing the reduced equivariant cohomology groups and the reduced equivariant K-theory groups, it is natural to define a complex on Z(X) making use of the representation bundles,
and similarly C odd Φ (Z(X); R ⊗ Λ * ). The differential is again the diagonal deRham differential.
Definition 9. The delocalized equivariant cohomology of a closed manifold X with a smooth G-action is the Z 2 -graded cohomology of the complex of R-valued forms on Z(X) compatible with the resolution structure,
It is not immediately apparent that H * G,dl (X) fixes a contravariant functor for smooth G-actions, since in general a smooth G-equivariant map between manifolds does not lift to a smooth map between the resolutions of the quotients as defined above. Nevertheless this follows immediately from the following theorem since we can identify these rings with G-equivariant K-theory with complex coefficients. 
A compatible connection on an resolution vector bundle with coefficients in R over Z(X) can be introduced by starting from the 'bottom' of the resolution structure and successively extending. Since the coefficient bundles are flat rings, or by lifting to the finite cover by G/G ′ at each level, the Chern character is then given by the standard formula
These forms are clearly compatible so define the class Ch G ∈ H even Φ (Z(X); R). The standard arguments in Chern-Weil theory show that the resulting class is independent of choice of connection. Thus the even Chern character (8.2) is defined as in the setting of smooth manifolds, and similarly the odd Chern character.
In the case of a manifold with unique isotropy type, (4.3) allows this map to be derived from the standard, untwisted, Chern character. Namely the quotient is then a single manifold with corners and the Chern character as defined above is simply the quotient under the finite group action by G/G ′ of the standard Chern character
It therefore follows that it induces an isomorphism as in (8.3) in that case. Moreover, this is equally true for absolute and relative K-theory and cohomology.
The proof that (8.3) holds in general follows the same pattern as the proofs above of the identity of G-equivariant K-theory and cohomology with the reduced models. Namely, for K-theory and cohomology the partially relative rings can be defined with respect to any collection of boundary B ⊂ M 1 (G\X) which contains all hypersurfaces smaller than any element. In the corresponding long exact sequences in K-theory and delocalized cohomology, which in the second case either can be deduced by analogy from the case of coefficient rings or else itself can be proved inductively, the Chern character then induces a natural transformation by the Fives Lemma.
Note that the localization maps (4.5) are consistent with the pull-back/restriction maps defined in §5, hence there is a natural localization map
induced by localizing the complex (8.1) to the complex (7.1), which relates the equivariant Chern character maps on H * G,dl (X) and H * G (X),
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Delocalized equivariant cohomology
The determining feature of delocalized equivariant cohomology as compared to Borel's equivariant cohomology is that the Chern character gives an isomorphism as in Theorem 8.1. In this section some of the properties that delocalized equivariant cohomology shares with the more familiar equivariant cohomology are pointed out. 9.1. Sheaf theoretic description. As mentioned in the introduction, delocalized equivariant cohomology was introduced by Baum, Brylinski, and MacPherson in the context of Abelian group actions on closed manifolds. Their approach is to define a certain sheaf over G\X. The canonical resolution in effect resolves this sheaf to a bundle. Indeed, there is not only a continuous quotient map p G : Z(X) −→ G\X but also by iteration continuous maps from all the resolutions of the isotropy types, 9.2. Atiyah-Bott, Berline-Vergne localization. Among the most useful properties of equivariant cohomology are the localization formulae of Berline-Vergne [8] and Atiyah-Bott [4] for Abelian group actions. Resolution of a group action reduces these formulae essentially to Stokes' theorem, and works for non-Abelian actions as well. The extension to non-Abelian group actions was already pointed out by Pedroza-Tu [14] where, following [4] , it is deduced from an 'abstract' localization result of Segal as follows.
Theorem 9.1 (Segal [16] ). Let γ be a conjugacy class in G, X γ = ∪ g∈γ X g , i γ : X γ ֒→ X the inclusion, and γ the ideal of R(G) consisting of characters that vanish at γ. Then the pull-back map i * γ : K * G (X) −→ K * G (X γ ) becomes an isomorphism after localization at γ ,
This theorem easily implies the analogous statements for equivariant cohomology and delocalized equivariant cohomology. It also implies [4, pg. 8] that the pushforward map (i γ ) * in either cohomology is an isomorphism after localization. The action of i * γ (i γ ) * is multiplication by the corresponding equivariant Euler class, so this class is a unit after localization. The localization formulae for integrals follows by considering push-forward along the projections π : X −→ pt, π γ : X γ −→ pt . We can identify the orbit space Z(X) = G\Y (X) with the unit interval, and in this case the Borel bundle is the trivial S(k * ) K bundle. Thus the reduced Cartan complex is
where r : S(g * ) G −→ S(k * ) K is the natural restriction map, and the differential is the exterior derivative on the first factor. Since the interval is contractible, we find
and so H q G (S 2 ) is trivial if q is odd and is non-trivial for all even q ≥ 0. The representation bundle is also trivial in this case, so the same reasoning shows that with differential given by the exterior derivative on the first factor. Thus the delocalized equivariant cohomology is H even G,dl (X) = {(τ N , τ S ) ∈ R(G) ⊕ R(G); ρ(τ N ) = ρ(τ S )}, H odd G,dl (X) = 0. The Chern character from equivariant K-theory to delocalized equivariant cohomology is the identity, while the Chern character into (localized) equivariant cohomology is localization at the identity in G.
